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The inverse Fourier transform of z[n] is given as,
1

zn] = o7/, X ()e?" dw

(1) Xy (e) =302 {278 (w — 27k) + no(w — & — 2rk) + 7é(w + 5 — 27k) }
1 2m ) )
rin] = — X(e?*)e? " dw

271'0

within the interval 0 < w < 27, X (/%) = 216(w) + 76(w — &) + 7w + 5).
Therefore,

1 [ T T ;
e _ = . jwn
xi[n] = o7 Jy {21T5(w)+775(w 2) + 7w + 2)}8 dw
1 27 ) 2T T 27 T
rin] = — [/ 2md (w)e? M dw +/ md(w — =)’ dw +f T (w + —)ew”dw}
2 0 0 2 0 2
niln] = o [2mION I g mm] f 2(0)3(t — to)dt — a(to)
2 +m (ej(ﬁ/z)n + eij("‘_/z)n)
zifn] = 3
-
J(m/2)n —j(m/2)n 0 —j6
mf = 14 e ) ( cos(f) = L )
2 2
xin] = 1—}—(:05( 5 )
2j, O<w<m
(2) Xo(e™) = 7
27, —TmT<w<0
1 (7 .
- = Jwy Ljwn
za[n] = 5 ./_W Xo(e¥)e " dw
1T 0 ] T ]
ra[n] = — [ (—27)e’*"dw +[ (Qj)ej'”“”dw]
2m LS —m 0
2i [ [T - 0 .
z2[n] = = f e’ dw f ej““”dw]
2m LJO -
2 = o= - — 94
27 Lan g jn ) _.
27 _ej'fm 3 0)n 3 (0)n e—Jmn
rafn] = = |——- ——— — .
27 | gn in in in
| : 2 [el™ 4 eI
_ = [.imm —jmn - = o
za[n] = — [e/™ +e 2] — [—2 1]
2 7 7 el? e3¢
xz2[n] = — [cos(nm) — 1] ( cos(0) = T)
—4 . g nm e e 2
za[n] = — sin (7) (. cos(26) =1 — 2sin® )



5.6

We know that Fourier transform pair is:
z[n] &5 X (e%)

)
rin] =z[1 —n] + 2[-1 — n]

Apply time shifting property of the Fourier transform:
x[n — ng &L eI X (%)

x[n — 1] JLILR e 79X (el*)
x[n + 1] JLLR &7 X (e7%)
And now apply time reversal property of Fourier transform:

z[—n] &£5 X (e79%)

x[—n +1] N e I X (e %)
x[-n — 1] JLEN 9 X (e79%)
and finally, apply linearity property of F'T:
x1[n] L, e*j""X(e*j“) + ej"“'X(e*j“')

A

zin] &5 2X (7Y 5

x1[n] &L 2 cos wX (e7%)

" [-n] + z[n]
¥ |—n| +zn | 1
A

Use conjugation property of Fourier transform:

z2n| =

2*[n] {5 X*(e %)
Also use time reversal property of FT:
a*[—n] 5 X* (/)

and finnaly, with linearity property we obtain s[n]:

Ta[n] LN % (X*(e) + X (e7¥)) = Re{X (e/*)}




)
z3n] = (n — 1)%z[n] = n®z[n] — 2nx[n] + z[n]

Apply the differentiation in frequency property of Fourier transform:

dX(el%)

J dw

FT o d?X(e7?)
J dw?

FT

n?x[n]

Use linearity property of FT:

rr d?X (V) 5 dX (e7%)

dw? J dw +X(€jw)

x3[n]

5.8

Consider the signal:

i) = 1; n| <1
=00 In >1

Fourier transform of the signal z4[n] is:

sin(3w/2)

FT Jwy
nin] = Xe) = 200

Now use the accumulation property of Fourier transform:

n 1 - ] o0
k; a1 k] 5 () ¢ le(eJD)k; §(w — 2rk)

Now consider the range of the original signal —7m < w < 7, where the sum
Yo 6w —27k) is:

D 0w —2mk) = §(w)

k=—0co

n 1 . )
3 k] 5 X1 + 7 X ()5(w)
k=—o00

Now determine the value of X7 (e/):

sin(3w/2)
3
joy g sin(3w/2) 2 _
Xi(e”) = Pino sin(w/2) 3,},1310 sin(lw/2) ]
2

Now we have:

n
1
N w5 T X1(e) + 3m3(w)
k=—c0
we are for 2m0(w) ’short’ on the RHS of equation, but in the range —m <
w < m
1 &L 2716 (w)



So, we can write for x[n]:

n
_ rr, L ju
x[n] = 1+k; wi[k] €5 Tz Xa(e) + 5mo(w)
Then the signal x[n] is:
1:n <=2
=49 n+3; -1<n<l1
4;n>2

5.10

Let’s start from Fourier transform pair:
2[n] €5 X (&%)

The conjugate symmetry for real signals property in combination with conjugation
property is:
Od{z[n]} <% jIm{X (')} (1)

consider the fact about the function z[n] to determine RHS of the equation:
Im{ X (e/*)} = sinw — sin 2w

FIm{X (™)} = jsinw — jsin 2w
6jw _ efjw 46]'2:.\,‘ _ eijw

FIn{X () =g i

1.
JIm{X ()} = 5(63* — e — M eI
and the LHS of the equation (1) is:

Od{aln]} = F~1{j Im{ X (") }}

FL{ Tm{ X (7))} = %(5[71 1) = Sfn — 1] — 3 + 2] + 8[n — 2))
And from the conjugate symmetry, the odd part of the function is:

Odfafn]y = M =217l *2"”[*”}

and from the fact that z[n > 0] = 0 we have:
z[n] = 20d{z[n]}
z[n] =d[n + 1] — d[n + 2]

And finally we have to determine x[0], using Parseval’s relation:

1 T jw Yy | - :
o [ TPy = 3 falnl
1 . -1 00
o [T X )P = 3 falnl? + [ol0 + D el
n=—00 n=1
since z[n > 0] =0
1 . -
5 [~ IX @l = 3 falnl]* + falo)?



Substitute the value from 4. condition in previous equation:

-1
3= |z[]]” + |=[0]]

n—=——0oo

3 =17+ (=1)% + |=[0]?
since z[0] is positive:
z[0] =1

Therefore, the signal z[n| is:

zln] = d[n+ 1] — d[n + 2| 4+ d[n]

5.13

Consider the signal sk

zln] =\ /"

From Table 5.2, we obtain the Fourier transform of z;[n] to be
o lt 0 S lwl .<- %

Xl(cj)'—‘{ﬁ, -}<le<n"

The plot of X (&™) is as shown in the Figure S5.12. Now consider the sfgnal Zyn]
(z1[n])%. Using the multiplication property (Table 5.1, Property §.5), we obtain the Foupje,
tranform of z,[n] to be

Xa(e) = (1/2m)[ X1 (™) » X1 ().

This is plotted in the Figure S5.12. chelw)
TZ‘(QW')
P % : . g
L o T o gl - - >
i 7 0 2
M 8 sin fon)
FT{ Tn }
f
U 0 We, "l

Figure S5.12

From Figure §5.12 it is clear that Xa(e’) is zero for w| > x/2. By using the convolution
property (Table 5.1, Property 5.4), we note that

Y(e) = Xg(ej”).FT{ 5'—“(‘11‘-’} .

mm

The plot of T s'_n%ﬂl} is shown in Figure $5.12. It is clear that if Y{e') = Xa(e'),
then (7/2) € w, < 7.




5.14

When two LTI systems are connected in parallel, the impulse response of the overall system
is the sum of the impulse responses of the individual systems. Therefore,

h[n] = hy[n] + ha[n].
Using the linearity property (Table 51 Property 5.3.2),
H(e’”) Hi(e™) + Ha(e™)

Given that hy[n] = (1/3)"u[n], we obtain

H(e™) =

- La=iw
1 3c

Therefore,

~12 4 5™ 1 -
HA™) = g qemtemo 1-Jen 1-ie ™

Taking the inverse Fourier transform,

ha(n] = -2 (%) 5 u[n).

5.20
Knowing that Fo ki 1 - __ —-—-3____ / .
(l) &y —— T~ 5-4cosw
2 1 —coswT g

i tion to write
we may use the Fourier transform analysis equa

wrg e
5—4cosw T 2

. . variable k
Putting w = —2t in this equation, and replacing the variable n by the

2;\'kt

By comparing this with the continuous-time Fourier series synthesis equation, 1t is ir
mediately apparent that ax = 5(2)'“ are the Fourier series coefficients of the sign
1/(5 — 4 cos(2xt)). ;

5.21

a) Take the Fourier transform of given equation (on both sides, use Table

5.2.):

. 1 .1 . .
Y (e?*) (1 - Ee_w - ge_ﬂ‘”) = X(e?)
The frequency response H(e/*) of given system S is:
; Y(e?¥) 1
H(e™) = — = _ ,
(™) X(e)  1-teiv - Llei
1
11— %e*jw + %e*jw - %e*ﬁ‘*’
1
1 deiw y Lemiw (1 - o)
1

T k)
6



b) Now use partial fraction expansion on H(e/*):

BN T N (e T R B Ve CR B

1 . 1
- —jw _ Zodw )
A (1 + 36’ ) + B (1 5¢ ) 1

H() 1 A B

A+B=1
1 1
A-=—B-==0
3 2
3 2
A:gdlldB:g
) 3 2
H(e™ — —
(™) 1—%6*3’*‘ 1+%e*3°~‘

Now using table 5.2. and inverse Fourier transform, we can determine h[n|:
3 /" 2/ 1\"
=[5 (3) 3 (5) [

e (1-¢7)
s 6‘3”

L gln-ne]
K0)- glner]-90n-1)

5.35

5.32

X(¢*)

I\l

Al

"j wh

a) Let y[n] be the output of the given LTI system. Then its Fourier transform
pair is (we're using convolution property of discrete time Fourier transform):

yln] = zn] = hjn] &5 Y () = X (/) H (™)
According to table 5.2. (basic discrete-time Fourier transform pairs), the
Fourier transform pair for h[n] is:

n FT 1
a"uln} 1 aqed«
for a = 1/2, we have for h[n]:
1\" FT jw 1



n
i) For x[n] = %) u[n], Fourier transform pair is according to table 5.2.

(basic discrete-time Fourier transform pairs)

a”uln| JEIN ;
1 —aew
for a = 3/4, we have for z[n|:
" FT oy _ 1

Then Y (&) is:

V() = X(e™)H(e™)

1 1
1—3deiw 1 Leiw
A B
- 3 —jw Lo—jw
1—38 J 1—26 ¥

Where coefficients A and B are:

1. 3
_ Ze—iw _ 2w
A(l 28 )+B(1 46 ) 1

1 ., Ciw
A+ B=1and A§€7‘M+B%€ =0

A=3and B=-2

3 2
Y(ejw) = 1 3w - 1 l,.—jw
— ZG — iﬁ'

Now apply the inverse Fourier transform (using the same basic discrete-time
Fourier transform pair):

1 JLER a"un]
1 —aeiv

- C @ ()

1 n
ii) For z[n] = (n+1) Z) u[n], Fourier transform pair is according to table

Then signal y[n] is:

5.2, (basic discrete-time Fourier transform pairs)
(n+ 1)a"u[n] JLEN 1
(1 — ae—iw)?

for @ = 1/4, we have for z[n]:

z[n] = (n+1) (i)nu[n} EL X () = !

(1= 3



Then Y (e’%) is:

V() = X () H(e)

B 1 1
n (1 — lg*j\'&')Q 1- %6*3

A B C
11— Lle—gw (1- %efjw)z 1 — le—w

Where coefficients A, B and C' are:

1 . 1 _. 1 . 1 .
L iw _ L —iw _ 1w P A
A(l 2e )(1 46 )+B(1 26 )+C’(l 46 ) 1

for e 7% = 2, we have:
¢_ 1-C=4
1= =
for e77% = 4, we have:
-B=1—-B=-1

and from term:
A+ B+C=1—A=-2

2 1 n 4
1— %e*j’*‘ (1 — %efjw)Q 1— %e*j’*‘

Y () =

Now apply the inverse Fourier transform using following basic discrete-time
Fourier transform pairs:

m JLIEN (n+ 1)a™u[n]

Then signal y[n] is:

= () ()

iii) For z[n] = (=1)" = (e/™)" = /™ Fourier transform pair is according
to table 5.2. (basic discrete-time Fourier transform pairs)

for wy = 7, we have for x[n]:

az[n]:ej””gX(ej""):Qw i (w—m—2rk)=2rm i 0 (w—(2k+1)m)

k=—00 k=—o0



Then Y (&) is:
Y(e') = X(¢/)H (™)

- T 2 X O (k1
L by
.- 1
) 2:;00 (m) 6 (w— (2k+ 1)7)
S 1
) 2ﬂk; (W) 5 (w— (2k+ 1)m)

since 2k + 1 is obviously odd number, we have that:

1 on 1, 2kt 1 oF 1
1- = j(2k+l)ﬁ:17_ g :17_.712k+1:17_.71:_
L e L Ly 2

) ) o0
Jwy — 2. _
Y(eh) =3 2 > 6w (2k+ Dr)
k=—00
Now apply the inverse Fourier transform using following basic discrete-time
Fourier transform pair:

[ev]
21 Z & (w —wo — 21k) LL piwon

k=—oc

Then signal y[n] is:

2 . 2, .. n2
yl = 36/ = 2 (") = (-1)"3

b) Let y[n] be the output of the given LTT system. Then its Fourier transform
pair is (we're using convolution property of discrete time Fourier transform):

yln] = afn] hln] € Y () = X () H()

Fourier transform for A[n| is:

I
e N s L

h[n]

use:

1 FT
-+ a"uln|
1 — ae 7%
then:
) 1 1
H(e)y=—2 z
1-— %6356*3“ 1-— %67358*3’*‘
since €72 = —j and €’2 = j we have:
. 1 1
H(ejw) _ 2 2

= — ot TS
1-— j%e—ﬂ“‘ 14 jze7%

10



‘ 1\" . , o .
i) For x[n] = 5) u[n], Fourier transform pair is according to table 5.2.
(basic discrete-time Fourier transform pairs)

a™u[n] & 1
1—aqge v

for a = 1/2, we have for h[n]:

Then Y (e/*) is:

V() = X(e/)H (e")

1 : 3
- . ¢ ——
1—gew \1—jgede " 14jge
_ 1 3 (l4gze 41— gge?)
e i) (Tt )
1
(U3 ) (1 jgee) (L4 jpe)
A B C

1o TTojledw Tt ke

Where coefficients A, B and C' are, for e/ = 2, we have:

1
A==
2
iy 2
for e77% = J—,, we have:
J
B=—
2(j - 1)
N 2
for e77% = —=, we have:
J
C=—
2( + 1)

L B 1 L 1
21 —gew  2(j —1) 1 —jgei«  2(j+ 1)1+ jge =

Y(e/) =

Now apply the inverse Fourier transform (using the same basic discrete-time
Fourier transform pair):

Then signal y[r] is:

siel = (% ' (%) ’ 2(jj; D (%) ' 2(jj+ 0 (35)) b

11



ii) For z[n] = cosmn/2, Fourier transform pair is according to table 5.2.
(basic discrete-time Fourier transform pairs)

cos won 4 Z (0(w —wo = 27l) + 0(w + wo — 2ml))
l=—00
for wy = /2, we have for signal x[n]:
FT -
z[n] =cosmn/2 +— X (/) =1 Z (0(w—m/2 = 27l) + d(w +7/2 — 27))
I=—

Then Y (e/*) is
Y (e) = X(e’*)H (&™)

™ i (0(w—m/2=2xl) +d(w+ 7/2 — 27l) ) (
1
2

1 1
2 2
1—jleiw 1+j§eﬁiw

(1+_7 eIv 41— ji 6_3"“)
17] e J*)(1+] e J*)

")
T i (0(w—7/2 = 2nl) + d(w + 7/2 — 27l) ) (1 m)
l=——o0

(4 + 6*21*

= (71’ i (0(w—m/2 =2xl) + 6(w + n/2 — 27l))

I
N

5w — /2 — 2ml) (%) ir S S /2 2l) (;)

4 +€72;(2+2ﬁ1 4 +6721(5+2ﬁ1)

I=—c0 I=—cc
> (e z . 5 i 1
= 2 el (o ) 2 220 o
" e ! ! " s ! 1
=7 Z (w—m/2—2ml) PP +7 Z (w+m/2 —2xl) T oo
l=—00 l=—00
since ¢ 4™ =1 for all values of 1 and ¢/™ = —1
= rl;mé(wfﬂ'/QfQﬂ'l) (—(71)(1)) +7rl;m5(w +7/2 —2nl) (74+(71)(1))
4 > i
=3 (ﬂ' Z Ow—m/2=2ml)+7 Z 5(w+1r/227rl))
l=—00 I=—00

Now apply the inverse Fourier transform (using the same basic discrete-time
Fourier transform pair):

T Z (O(w 7w0727rl)+5(w+w072ﬂ'l))Hco&,won

l=—00

Then signal y[n] is

¢) Fourier transform pair is (we're using convolution property of discrete
time Fourier transform):
y[n] = z[n] = h[n] £5 Y () = X () H (™)
Then Y (e9%) is
Y(ej'“") = X(ej‘”')H(ej‘”)
= (36jw +1—e vy 267].3“') (fej"’“' + 267029 4 ej4°“')

I L = LT B ) P kI P

Now apply the inverse Fourier transform using the basic discrete-time Fourier
transform pair:

¢ieno T, o[n — no

|y[n] =3dn+5]+d[n+4] —d[n+3] —35[n+2]+0[n+ 1] +6[n] + 6dn — 1] — 26[n — 3] + 4d[n —

12



